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We consider  the problem of finding the shape of a solid of revolution, given the magnitude of 
a flow veloci ty on it as a function of arc  length along the generat r ix .  The flow is assumed to 
be rotat ionless ,  s teady-s ta te ,  and axially symmetr ic ,  and the fluid is assumed to be ideal 
and incompress ib le .  The problem is solved in an exact, nonlinear formulation.  In contras t  
with the work of Kiselev [1] and ~terman [2] the proposed method enables us to get a solution 
to any given degree of accuracy .  

In an axially symmet r i c ,  rotat ionless  flow the Stokes s t r eam function ~ x ,  r) sat isfies the equation 

d x  ~ a r  ~ r Or 

where x and r are  cyl indr ical  coordinates .  

The s t r eam function is defined up to an a rb i t r a ry  constant.  The constant  is chosen f rom the condi- 
tion that ~!, go to zero  along the unknown boundary of the solid, the equation of this boundary being r = D(s), 
0 -< s -< L, where s is the a rc  length along the genera t r ix .  

The given form of the magnitude of the flow velocity at the solid as a function of the arc  length, 

t,=voo V(s), 0 ~ s ~  L (1) 

se rves  as an additional condition determining p(s). Here voo is the magnitude of the unperturbed flow veloc-  
ity. 

It should be noted that the problem is not solvable for any dependence V(s). A necessa ry  condition 
that the problem be solvable is that max v(s) > voo �9 For  a proof  of this fact  we consider  in addition to the 
basic flow a uniform flow with velocity v = v ~ outside a cylindrical  tube of infinite length and diameter  equal 
to the maximum dimension of the solid. By construction, the domain of the basic  flow includes the domain 
of the auxil iary flow. Hence, for these flows all the conditions of the Lavren t ' ev  compar ison theorem [3] are 
sat isf ied , f rom which it follows that at the points of contact of the boundary s t reamlines  the velocity of the 
basic  flow is g rea t e r  than the velocity of the auxiliary flow. Thus, at the boundary of the initial flow there 
is a point with arc  length s = s ,  for which v(s ,)  > v~o. 

We represen t  the initial flow as the resu l t  of imposing a uniform flow with velocity voo on a sys tem of 
vor tex r ings of line intensity T(s), continuously distributed along the boundary of the obstructing solid. The 
s t r eam function in this case is of the form [4] 
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w h e r e  dw = D(s)dsdr is the s u r f a c e  e l e m e n t  of the s u r f a c e  2; R = 4 ( X -  ~)2 + r 2 + p2 _ 2rD cos(0 - r  B e -  
c a u s e  of the ax ia l  s y m m e t r y  we s e t  0 -- 0. Us ing  the f ac t  tha t  [4] 

~r ~dr V(~ -- ~)~ + (~ ~p)Z 
= r9 [(2 - -  ~.~) K ()~) - -  2E (~,)], 

0 

w h e r e  K(~) and E(~) a r e  the  c o m p l e t e  e l l ip t i ca l  i n t e g r a l s  of the f i r s t  and s econd  kinds  with modu lus  Z = 
2 4 r p [ x -  })2 + (r  + p)2]-l ,  we obtain  f r o m  (2) the fo l lowing r e p r e s e n t a t i o n  of the s t r e a m  funct ion:  

lit (X, r) = DcJ'2 
L 

I ~ l? (s) V(-~--- }) ~ + (r + p)'~ [(2 - -  2~ ~) K (~,) 2E (g)l ds. 
0 

Keeping  in mind  tha t  the l ine  in tens i ty  T(s) of the v o r t e x  l a y e r  is equal  to the magn i tude  of the f low 
v e l o c i t y  a t  the s u r f a c e  of the so l id  [5], f r o m  the condi t ion ,P([, p) = 0 a t  the b o u n d a r y  we obtain  the fo l lowing 
i n t e g r o d i f f e r e n t i a l  equa t ion  fo r  p (s ) :  

1 
p(s) ~ V ( ~ ) V l ~ _ ~ ( s ) t Z + [ p ( a ) §  ~ [(2 )~)K(g)- -2E(k) ldo-~A[p] ,  (3) 

w h e r e  

8 

(s) = .!" V i - (@/d~)~ dG, (4) 
0 

~,= ~,(,~,s) =2Vp(~)p(s)/'@,s), 

-c(a,s)=V-l~(o-)- ~(s)] g + [p(o-)+p(s)~. 

We have  gone to d i m e n s i o n l e s s  v a r i a b l e s  in this  equat ion .  As a c h a r a c t e r i s t i c  l i nea r  d imenion  and a c h a r -  
a c t e r i s t i c  ve loc i t y  we take  the o v e r a l l  length  L of  the g e n e r a t r i x  of  the so l id  and the ve loc i t y  v ~  of  the 
u n p e r t u r b e d  flow, r e s p e c t i v e l y .  

We r e p r e s e n t  the unknown funct ion p (s) as a t h i r d - o r d e r  spl ine~ The  coe f f i c i en t s  of the cubic  p o l y -  
n o m i a l  a t  e ach  i n t e r v a l  [Sk, Sk+l] (k = 0, 1 . . . . .  n - l )  a r e  d e t e r m i n e d  f r o m  the cont inui ty  of the funct ion 
and i t s  f i r s t  two d e r i v a t i v e s  a t  the nodal  po in ts  [6, 7]. 

The  i n t e g r o d i f f e r e n t i a l  equat ion  (3) is  so lved  by the m e t h o d  of  s u c c e s s i v e  a p p r o x i m a t i o n .  As  the 
z e r o t h  a p p r o x i m a t i o n  we can  take  0(~ = s ( 1 - s ) .  The  va lue  p~ = •fi)(Sk) of the unknown funct ion at  the 
nodal  p in t s  s k at  the f i r s t  s t ep  of the i t e r a t i o n  p r o c e s s  is  found f r o m  Eq.  (3) 

p~ = A [p(0>],=~k. 

A f t e r  the p a r a m e t e r s  p~ (k = 1, 2 . . . . .  n - 1) a r e  found, the p r o b l e m  is  so lved  by in t e rpo la t ing  the  funct ion 
p(l)(s)  with the aid of  th~ cubic  sp l ine .  The  funct ion ~ = ~(i) (s) i s  a l so  r e p r e s e n t e d  as  a t h i r d - o r d e r  sp l ine .  

1 = }(l)(Sk) a r e  found f r o m  Eq.  (4) The  quan t i t i e s  ~k 

The  s u b s e q u e n t  a p p r o x i m a t i o n s  a r e  c o n s t r u c t e d  in a c o m p l e t e l y  ana logous  m a n n e r ,  and the i t e r a t i on  
process is continued until the condition 

n - - i  

i s  m e t .  

T h e  a c c u r a c y  is  m o n i t o r e d  by  so lv ing  the d i r e c t  p r o b l e m  of f low a round  the  ob ta ined  so l i d  of  r e v o l u -  
t ion and then c o m p a r i n g  the s o - o b t a i n e d  ve loc i t y  d i s t r i bu t ion  a long i ts  b o u n d a r y  with the in i t ia l  dependence  
(1). The  r e q u i r e d  a c c u r a c y  of the  ca l cu l a t i ons  is  a ch i eved  by  i n c r e a s i n g  the n u m b e r  of nodal  po in t s .  

In the n u m e r i c a l  ca l cu l a t i ons  the l o g a r i t h m i c  s i n g u l a r i t y  of  the  i n t e g r a n d  in Eq.  (3) a t  a = s is  s e p -  
a r a t e d  out, 
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T A B L E  1 

OCX . 0 Rt lm I ~eX ~ rl.Rn2 
1 

0,09836 
0,i8710 
0,25752 
0,30273 
0,31831 

0,09841 
0,18719 
0,25756 
0,30274 
0,31830 

0,0i558 
0,06079 
0,i3i21 
0,21995 
0,3i831 

9 (s) = 2 ~  V (r �9 (a, s) [(2 - -  )2) F ()~) - -  2E (~)l de - 

0,0t567 I V (~) x (~, s) (2 - -  ~ )  In I(l - -  s I d~ , 0,06070 
0,13119 ~J 
0,21994 
0,3183i 

w h e r e  F(X) = K(D + ln l  a ~  s l h a s  no s i n g u l a r i t i e s  on  the  
i n t e r v a l  [0.1] .  

The  i m p r o p e r  i n t e g r a l s  a r e  c o m p u t e d  by  G a u s s i a n  q u a d r a t u r e .  When  i n t e g r a t i n g  a func t ion  with  l og -  
a r i t h m i c  s i n g u l a r i t y  the  G a u s s i a n  q u a d r a t u r e  f o r m u l a  i s  u s e d  wi th  we igh t  g(u) = In u 

t t0 

y ] (u) In udu = -- ~ A~f (uu). 
0 h=l 

A tab le  of  the nodes  u k and c o e f f i c i e n t s  A k i s  g iven  b y  K r y l o v  and P a l ' t s e v  [8]. 

F o r  the c o m p l e t e  e l l i p t i c a l  i n t e g r a l s  we use  the  a p p r o x i m a t e  equa t ions  

t K ()~) = In 4 - -  ~- In p (~; s) - -  In [~ - -  s] + ~2 ~l k (ak - -  b~ In ~l); 
h = l  

E Q~) = t + ~] ~1 k (c~ - -  d~ In ~1), 

w h e r e  

and the n u m e r i c a l  v a l u e s  of  the p a r a m e t e r s  a k, b k, c k, and d k (k = 1, 2, 3 ,  4) a r e  g iven  by  D y m a r s k i i  e t  
a l .  [9]. The  m a x i m u m  e r r o r  in t h e s e  r e p r e s e n t a t i o n s  i s  l e s s  than i . 5  -10 -9.  

A s  an e x a m p l e  l e t  us  c o n s i d e r  a v e l o c i t y  of the  f o r m  

3 . 
v ~ s )  = ~ s i n  s u .  

T h i s  v e l o c i t y  d i s t r i b u t i o n  i s  r e a l i z e d  in  the  f low about  a s p h e r e  [41. Thus ,  the  e x a c t  s o l u t i o n  of  the  p r o b -  

l e m  is  of the  f o r m  

i 
p (s) = Z s in  s~, 

( t  - -  cos sn). (s) = -~ 

An a p p r o x i m a t e  s o l u t i o n w a s  ob t a ined  fo r  n = 10 and ~ = 0.0001.  The  c o m p u t a t i o n  t i m e  on a B~SM-6 c o m -  
p u t e r  was  l e s s  than 1 ra in .  In T a b l e  1 we c o m p a r e  the  a p p r o x i m a t e  and e x a c t  s o l u t i o n s  at  e q u i d i s t a n t  
p o i n t s  s k (k = 1, 2, 3,  4, 5) .  T h u s ,  the  m a x i m u m  d e v i a t i o n  of the  a p p r o x i m a t e  s o l u t i o n  f r o m  the e x a c t  s o l u -  
t ion i s  l e s s  than 0.0001 of the l eng th  of  the g e n e r a t r i x  L .  
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